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Abstract. The influence of interdisciplinary forces stemming from developments in cognitive science, mathematical statistics, educational
psychology, and computing science are beginning to appear in educational and psychological assessment. Computer adaptive-attribute
testing (CA-AT) is one example. The concepts and procedures in CA-AT can be found at the intersection between computer adaptive
testing and cognitive diagnostic assessment. CA-AT allows us to fuse the administrative benefits of computer adaptive testing with the
psychological benefits of cognitive diagnostic assessment to produce an innovative psychologically-based adaptive testing approach. We
describe the concepts behind CA-AT as well as illustrate how it can be used to promote formative, computer-based, classroom assessment.
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Educational and psychological assessment is on the brink
of profound change. Strong interdisciplinary forces stem-
ming from rapid developments in areas such as cognitive
science, mathematical statistics, educational psychology,
and computing science are permeating the assessment
field. For example, the influence of cognitive psychology
on educational measurement, which began almost 20 years
ago (Snow & Lohman, 1989), has recently become an im-
portant source of new ideas leading to innovations in cog-
nitive diagnostic assessment (e.g., Leighton & Gierl,
2007a). One consequence of these interdisciplinary influ-
ences is the emergence of new areas of research. One area
– which is the focus of this special issue – is on adaptive
models of psychological testing. The research in this area
combines the merits of adaptive testing with rapid devel-
opments in educational and cognitive psychology to pro-
duce assessment methods that promote psychologically so-
phisticated inferences about examinees’ knowledge, skills,
motivations, and competencies. In our paper, a new assess-
ment method located at the interface between computer
adaptive testing and cognitive diagnostic assessment is in-
troduced, where the concepts and procedures are combined
across these two areas to affect the development and ad-
ministration of test items as well as the scoring and report-
ing of test results so specific diagnostic inferences can be
made about examinees’ cognitive skills and proficiencies.

Computerized adaptive testing (CAT) is an innovative
form of assessment that matches the difficulty of a test item
to the ability estimate for an examinee. The matching is
accomplished by first presenting an examinee with an item
of average difficulty and then, depending on the exami-
nee’s response, an item of greater or lesser difficulty is pre-
sented until the algorithms controlling item administration
meet a specified stopping criterion. The merits of this ap-
proach for test administration are well documented (e.g.,

van der Linden & Glas, 2000). It leads to testing efficiency,
as relatively fewer items are required to obtain a higher
level of measurement precision and, hence, testing time is
reduced, testing on-demand becomes feasible because each
exam is uniquely tailored to each examinee, immediate test
scoring and reporting becomes possible, and innovative
item formats can be introduced into the assessment process
because testing is computer based.

Cognitive diagnostic assessment (CDA) is a form of
testing that employs a cognitive model to first develop or
identify items that measure specific knowledge and skills
and then uses this model to direct the psychometric analy-
ses of the examinees’ item response patterns to promote
specific diagnostic inferences. A cognitive model in edu-
cational measurement refers to a “simplified description of
human problem solving on standardized educational tasks,
which helps to characterize the knowledge and skills stu-
dents at different levels of learning have acquired and to
facilitate the explanation and prediction of students’ per-
formance” (Leighton & Gierl, 2007b, p. 6). Cognitive mod-
els are generated by studying the knowledge, processes,
and strategies used by examinees as they respond to items.
The strength of developing test items and analyzing testing
data according to a cognitive model stems from the detailed
information that can be obtained about the knowledge
structures and processing skills that produce examinees’
test score.

In 2004, Leighton, Gierl, and Hunka introduced a pro-
cedure for cognitive diagnostic assessment called the at-
tribute hierarchy method (AHM). The AHM is a psycho-
metric method used to classify examinees’ test item re-
sponses into a set of structured attribute patterns associated
with different components from a cognitive model of task
performance. Attributes include different procedures,
skills, and/or processes that an examinee must possess to
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solve a test item. These attributes are structured using a
hierarchy so the ordering of the cognitive skills is specified.
As a result, the attribute hierarchy serves as an explicit con-
struct-centered cognitive model. This model, in turn, pro-
vides a framework for designing test items and for linking
examinees’ test performance to specific inferences about
psychological skill acquisition. The purpose of the current
study is to integrate CAT and AHM and propose a concept
of computer adaptive-attribute testing (CA-AT). We begin
with an overview of the AHM. Then, we discuss how the
CAT concepts of banking, routing, and score reporting can
be applied to cognitive diagnostic assessment with the
AHM. Finally, we conclude with a summary and we iden-
tify two areas requiring additional research.

Overview of the Attribute Hierarchy
Method

The attribute hierarchy method (Leighton, Gierl, & Hunka,
2004; Gierl, Cui, & Hunka, 2007), a cognitive diagnostic
procedure that evolved from the rule space approach (Tat-
suoka, 1983, 1995; see also Gierl, 2007), is used to classify
examinees’ test item responses into attribute patterns asso-
ciated with a cognitive model of task performance. The
AHM was developed to address specific issues associated
with cognitive model development and statistical pattern
recognition. We use these two areas to illustrate our CDA
method. But first, we present an example in the domain of
high school algebra to help illustrate our approach.

Gierl, Wang, and Zhou (2008a) and Gierl, Leighton et
al. (2008) used algebra items from the March 2005 admin-
istration of the SAT to develop diagnostic models of alge-
bra performance. The SAT is one of the most widely-used
college admissions test in the world. The Mathematics sec-
tion contains items in the content areas of number and op-
erations, algebra I, II, and functions; geometry; and statis-
tics, probability, and data analysis. For our analysis, a sub-
set of items in algebra I and II were evaluated. Cognitive
models of task performance guide diagnostic inferences be-
cause they are specified at a small grain size and they mag-
nify the knowledge and skills that underlie performance.
Ideally, a theory of task performance would direct the de-
velopment of a cognitive model. But, in the absence of such
a theory, a cognitive model must still be specified to create
the attribute hierarchy. Another starting point is to develop
a cognitive model from a task analysis of the items in the
domain when a theory or model of task performance is un-
available. In conducting the task analysis of the SAT alge-
bra items we, first, solved each test item and attempted to
identify the mathematical concepts, operations, proce-
dures, and strategies used to solve each item. We then cat-
egorized these cognitive attributes so they could be ordered
in a logical, hierarchical sequence to summarize problem-
solving performance. The models were validated and, in

some cases, modified, using results from verbal protocol
analyses. One of the final attribute hierarchies for the alge-
bra cognitive models is presented in Figure 1. Each attrib-
ute is denoted with an A (e.g., A1, A2, etc.).

This hierarchy represents a cognitive model of task per-
formance for skills in the areas of ratio, factoring, function,
and substitution. The hierarchy contains two independent
branches which share a common prerequisite, attribute A1.
Aside from attribute A1, the first branch includes two ad-
ditional attributes, A2 and A3, and the second branch in-
cludes a self-contained subhierarchy which includes attri-
butes A4 through A9. The order relations among the attri-
butes in the hierarchy are defined psychologically, meaning
that the skills required to solve each item are identified and
then ordered from the least to most complex. The attributes
are also assumed to share dependencies as they function
within a much larger network of inter-related processes,
competencies, and skills that characterized human infor-
mation processing (Anderson, 1996; Dawson, 1998, 2004;
Fodor, 1983).

For example, attribute A1 includes the most basic arith-
metic operation skills, such as addition, subtraction, multi-
plication, and division of numbers. Attributes A2 and A3
both deal with factors. In attribute A2, the examinee needs
to have the basic arithmetic skills (i.e., attribute A1), as
well as knowledge about the property of factors. In attribute
A3, the examinee not only requires basic arithmetic skills
(i.e., attribute A1) and knowledge of factoring (i.e., attrib-
ute A2), but also the skills required for the application of
factoring. Therefore, attribute A3 is considered a more ad-
vanced attribute than A1 and A2.

The self-contained subhierarchy contains six attributes.

Figure 1. An attribute hierarchy for algebra performance.
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Among these attributes, attribute A4 is the prerequisites for
all other attributes in the subhierarchy. Attribute A4 has
attribute A1 as a prerequisite because A4 not only repre-
sents basic skills in arithmetic operations (i.e., attribute
A1), but it also involves the substitution of values into al-
gebraic expressions. The first branch in the subhierarchy
deals, mainly, with functional graph reading. For attribute
A5, the examinee must be able to map the graph of a fa-
miliar function (e.g., a parabola) with its corresponding
function. Attribute A6 deals with the abstract properties of
functions, such as recognizing the graphical representation
of the relationship between independent and dependent
variables. The second branch in the subhierarchy considers
the skills associated with advanced substitution. Attribute
A7 requires the examinee to substitute numbers into alge-
braic expressions. The complexity of attribute A7 relative
to attribute A1 and A4 lies in the concurrent management
of multiple pairs of numbers and multiple equations. At-
tribute A8 also represents the skills of substitution. How-
ever, what makes attribute A8 more difficult than attribute
A7 is that algebraic expressions, rather than numbers, need
to be substituted into another algebraic expression. The last
branch in the subhierarchy contains only one additional at-
tribute, A9, related to skills associated with rule substitu-
tion.

Stage 1: Development of the Cognitive
Model

In Stage 1, the relationships among the attributes in the
hierarchy are specified using the adjacency and reachabil-

ity matrices. The direct relationship among attributes is
specified by a binary adjacency matrix (A) of order (k, k),
where k is the number of attributes, such that each element
in the A matrix represents the absence (i.e., 0) or presence
(i.e., 1) of a direct connection between two attributes. To
illustrate these concepts, we will focus on one branch in the
Figure 1 hierarchy, which represents the relationship
among attributes A1 to A3 (the complete set of matrices
outlined in Hierarchy 1 are presented in Gierl, Wang et al.,
2008b). Three sample items help illustrate the hierarchical
nature of A1, A2, and A3.1 The results are presented in
Figure 2. Recall, attribute A1 includes the most basic arith-
metic operation skills, such as addition, subtraction, multi-
plication, and division of numbers, whereas attributes A2
and A3 both deal with factors. The adjacency matrix for
the hierarchy in Figure 2 is shown in matrix 1.

(1)

In matrix 1, attribute A1 is prerequisite to attribute A2 and
A3. This hierarchical relationship is expressed in the first
and second row by the positions of a 1 in columns two and
three. The positions of 0 in row 1 indicate that A1 is neither
directly connected to itself nor to A3, but to A2. The 1 in
row 2 indicates that A2 is directly connected to A3. The
direct and indirect relationships among attributes are spec-
ified by the binary reachability matrix (R) of order (k, k),
where k is the number of attributes. To obtain the R matrix
from the A matrix, Boolean addition and multiplication op-
erations are performed on the adjacency matrix, meaning
R = (A + l)n, where n is the integer required to reach invari-

Figure 2. The attribute structure, the associated test items, and the cognitive model of algebra performance.
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ance, n = 1,2. . .m, and l is the identity matrix. The R matrix
for the hierarchy in Figure 2 is shown in matrix 2.

(2)

The R matrix is interpreted in a similar manner to the A
matrix. The first row of the matrix 2 indicates A1 reaches
all other attributes, either directly or indirectly, because of
the positions of a 1 in columns 1, 2, and 3. Row 2 of this
matrix indicates that A2 reaches A3.

The incidence matrix (Q) is generated next. Q includes
those items representing all possible combinations of attri-
butes, when the attributes are considered independent of
one other. Q is of order (k, p), where k is the number of
attributes and p is the number of possible items. This matrix
can be reduced, often substantially, to form the reduced Q
matrix (Qr) by imposing the constraints of the hierarchy as
defined in the R matrix. The Qr matrix represents only those
items that fit the dependencies defined in the attribute hi-
erarchy. The Qr matrix is formed using Boolean inclusion
by determining which columns of the R matrix are logically
included in each column of the Q matrix. The Qr matrix is
of order (k, i) where k is the number of attributes and i is
the reduced number of items resulting from the constraints
in the hierarchy. Q, for our example in Figure 2, is shown
in matrix 3. Then, with the constraints imposed by the hi-
erarchy defined in the R matrix, Qr is produced from Q, as
shown in matrix 4.

(3)

(4)

Principled test design is used explicitly with the AHM to
create items and analyze examinees’ observed response
patterns. To design test items, the Qr matrix is used. The Qr

matrix can be interpreted as the cognitive test specification
because it contains the attribute-by-item specification for
each component of the cognitive model of task perfor-
mance outlined in the A matrix. Hence, the results from the
Qr matrix are used to develop items that measure each spe-
cific attribute combination defined in the hierarchy. In the
current example, at least three items are required: An item
measuring A1; an item measuring A1 and A2; and an item
measuring A1, A2, and A3. To increase attribute reliabili-
ty2, items measuring each attribute combination must be

developed (this concept will be explained and illustrated in
the upcoming section on item banking).

As a final step in the cognitive model development
stage, the expected response patterns are generated. The
expected response matrix (E) is created, again using Bool-
ean inclusion, where the algorithm compares each row of
the attribute pattern matrix (which is the transpose of the
Qr matrix) to the columns of the Qr matrix. The expected
response matrix is of order (j, i), where j is the number of
examinees and i is the reduced number of items resulting
from the constraints imposed by the hierarchy. The expect-
ed response matrix for the hierarchy in Figure 2 is shown
below as matrix 5.

(5)

This result reveals that three unique item response patterns
should be produced by examinees who write the cognitive-
ly-based items, resulting in 3 possible total scores (i.e., 1,
2, or 3)3, if the cognitive model is true.

Stage 2: Statistical Pattern Recognition

In Stage 2, an examinee’s observed response pattern is
judged relative to an expected response pattern under the
assumption that the cognitive model is true. Hence, the pur-
pose of the statistical pattern recognition stage is to identify
the attribute combinations that the examinee is likely to
possess. To estimate the probability that examinees possess
specific attributes, both IRT and non-IRT classification
methods are available. The IRT methods are described in
Leighton et al. (2004), and in Gierl, Leighton, and Hunka
(2007). Our focus in this paper is on our more recent clas-
sification methods associated with the non-IRT based neu-
ral network, which is used to estimate the attribute proba-
bilities, as described in Gierl, Cui et al. (2007).

A neural network is a type of parallel-processing archi-
tecture that transforms a stimulus received by an input unit
to a signal for the output unit through a series of hidden
units. To begin, each cell of the input layer receives a value
(0 or 1) corresponding to the response values in the exem-
plar vector. Each input cell then passes the value it receives
to every hidden cell. Each hidden cell forms a linearly
weighted sum of its input and transforms the sum using the
logistic function and passes the result to every output cell.
Each output cell, in turn, forms a linearly weighted sum of
its inputs from the hidden cells and transforms it using the
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logistic function, and outputs the result. The network learns
how to make these transformations from input to hidden to
output layer using a set of training data. The neural net-
work, therefore, serves as a powerful pattern recognition
technique because, given enough training data and practice,
it can map any relationship between input and output (see
Dawson, 1998, 2004).

The input to train the neural network for a diagnostic
analysis using the AHM is the set of expected response
vectors presented in matrix 5. Each expected response vec-
tor is associated with a specific combination of examinee
attributes. The expected response vectors, used as inputs,
are meaningful because they are derived from the cognitive
model. The output are the specific attribute patterns asso-
ciated with each expected response pattern. The attribute
pattern matrix contains each attribute vector, where exam-
inees’ mastery or nonmastery of individual attributes is
specified. The attribute pattern matrix, like the expected
response matrix, is derived from the cognitive model where
examinee responses are explained by the presence or ab-
sence of the attributes without any errors or “slips.” As a
result, these attribute vectors contain only 1s indicating that
the examinee has mastered the corresponding attributes and
0s indicating that the examinee has not.

However, in most testing situation, examinees’ observed
response vectors are not consistent with the expected re-
sponse vectors because of slips from 1 to 0 or 0 to 1 leading
to uncertainty in the value of the attribute probabilities.
Slips may occur for different reasons, including: the attri-
butes were not accurately identified; the attribute hierarchy
specified is inappropriate; the test items do not measure the
attributes in the hierarchy; the test was inappropriate for the
student sample; and/or the students produce random re-
sponses (e.g., guessing on a multiple-choice item). There-
fore, to estimate the attribute probabilities associated with
each observed response vector, the relationship between
the expected response vectors with their associated attrib-
ute vectors is established by presenting each expected re-
sponse vector to the network repeatedly until it learns each
association. The final result is a set of weight matrices that
can be used to transform any response vector – expected or
observed – to its associated attribute vectors. The trans-
formed result can be interpreted as the attribute probability,
scaled between 0 to 1, where a higher value indicates that
the examinee has a higher probability of possessing a spe-
cific attribute (McClelland, 1998). These attribute proba-
bilities provide specific cognitive model-based feedback
for each examinee which will be instrumental in the diag-
nostic reporting process.

To summarize, diagnostic assessment in the AHM pro-
ceeds as a two-stage process. In the cognitive model devel-
opment stage, the model is initially developed and then rep-
resented using the A, R, Q, Qr, and E matrices. The AHM
maintains the logical basis outlined in the cognitive model
through the A matrix to produce the expected response ma-
trix, thereby allowing the psychometrician to represent
complex hierarchical relationships and evaluate a wide

range of cognitive models. Items on the test are also devel-
oped to specifically measure each attribute combination
represented in the Qr matrix. Then, in the statistical pattern
classification stage, the examinee’s observed response pat-
tern is judged relative to expected response pattern under
the assumption that the cognitive model is true. The pur-
pose of the statistical pattern recognition stage is to identify
the attribute combinations that the examinee is likely to
possess, and then to report this specific information back
to examinees so they can make inferences about their mas-
tery of different cognitive skills.

Overview of Computer
Adaptive-Attribute Testing

Computer adaptive-attribute testing combines important
characteristics in computer adaptive testing with cognitive
diagnostic assessment. CA-AT could be applied in many
testing situations. But one of the most promising applica-
tions is in the area of education where CA-AT could sup-
port learning and instruction in a formative, computer-
based, classroom assessment system. This type of system
has some unique characteristics: It is implemented period-
ically during the teaching and learning process, often at the
discretion of the teacher, meaning the student can be tested
at any time and on more than one occasion; the assessment
outcomes are intended to guide teaching and learning
therefore the content in the assessment should be closely
linked to the curriculum which, in turn, is tied to each les-
son or instructional unit; the assessment tends to be rela-
tively low stake; the assessment outcomes support deci-
sions that are direct, specific, and immediate, such as de-
ciding on a student’s homework assignment or guiding the
development of a teacher’s next lesson; and the assessment
is scored automatically thereby providing immediate feed-
back for students and teachers.

The testing process for a formative, computer-based,
classroom CA-AT could work as follows:
1) The teacher selects the appropriate assessment unit (e.g.,

ratios and algebra) based on the curriculum standards
and the instructional unit of interest;

2) the student logs onto a computer and accesses the CA-
AT application through an internet browser in a class-
room computer, on a laptop, or in a designated computer
lab;

3) the student is presented with items measuring the first
attribute in the cognitive model (e.g., ratios and algebra);

4) based on the student’s response to the items measuring
the initial attribute, the student is either administered
items measuring a more complex attribute (e.g., if the
student correctly solves the items measuring attribute
A1, then the student will receive items measuring attrib-
ute A2 and A4 in the Figure 1 hierarchy), or attribute-
based item administration is stopped (e.g., if the student
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incorrectly solves the items measuring attribute A2, then
the student will not receive items measuring attribute A3
in the Figure 1);

5) this process of attribute-based item administration is
used to systematically probe every branch at every level
in the hierarchy until the stopping rule for each branch
is satisfied; and

6) when the test is complete, the system computes the ex-
aminee’s scores and presents the result in a report on the
computer screen.

Two additional considerations must be made in the CA-AT
process. In step 3, the number of items administered per
attribute must be determined. One method is to establish
attribute reliability requirements. For example, if the goal
is to achieve an attribute reliability level of 0.70, then the
examinee must take the sufficient number of items required
to produce this reliability. In step 4, the decision to stop or
continue is determined by the examinees’ attribute mastery
level. Attribute mastery can be determined using a criterion
of performance established using a specific outcome level
(e.g., an 80% level of correct performance) or using more
analytic procedures such as some type of attribute-based
standard setting.

In the next section of the paper, we describe the impli-
cations of CA-AT formative, computer-based, classroom
assessment on banking, routing, and score reporting.

Item Banking

CA-AT, like any adaptive testing system, makes heavy de-
mands on the items in the bank. Fortunately, one key ben-
efit of using the AHM for diagnostic assessment lies in its
facility to guide item development. The Qr matrix is of or-
der (k, i) where k is the number of attributes and i is the
reduced number of items resulting from the constraints in
the hierarchy. In other words, Qr serves as the cognitive test
specifications. Hence, items can be developed systemati-
cally to measure each attribute in the cognitive model. For
example, three items are required to measure A1 to A3 in
Figure 2. Item 1 measures attribute A1, which includes ba-
sic arithmetic operation skills; Item 2 measures attribute
A2, which includes knowledge about the properties of fac-
tors in addition to basic arithmetic operation skills (i.e.,
A1); Item 3 measures attribute A3, which includes the ap-
plication of factoring in addition to the properties of factors
(i.e., A2) and basic arithmetic operation skills (i.e., A1).
That is, items are developed according to specific hierar-
chical ordering of attributes, as outlined in the Qr matrix,
which are designed to measure cognitive processes of in-
creasing complexity (see matrix 4).

In addition to creating each attribute-specific item, mul-
tiple instances of these items must also be created to pro-
duce a large functional bank for continuous testing. Re-
search on item modeling and automated item generation
can support this process (e.g., LaDuca, Staples, Templeton,

& Holzmann, 1986; Bejar, 1996; Bejar, Lawless, Morley,
Wagner, Bennett et al., 2003). Traditional item develop-
ment using manual processes can be inefficient, largely be-
cause items are treated as isolated entities that are individ-
ually developed, formatted, and evaluated. Item modeling
is an alternative method for developing classes of isomor-
phic items from shells (Haladyna & Shindoll, 1989) or tem-
plates (Case & Swanson, 2002) that are intended to elicit
similar, if not identical, responses from examinees. An item
model produces large numbers of instances or items of that
model and these instances are designed to function similar-
ly on tests. Item modeling also promotes efficiency because
each model can automate many aspects of the item devel-
opment process. For example, each model specifies a set
of variables and constraints that, when manipulated, pro-
duce multiple isomorphic instances of the model. Hence,
test developers focus on creating item models and specify-
ing the variables and constraints for these models rather
than creating single, unique and, often, noninterchangeable
items to satisfy the requirements for the exam. Developing
an item model, therefore, serves as the first step in provid-
ing a detailed description of each item class, particularly
when the Qr matrix can be used to specify the cognitive
structure for the required items. The outcomes from these
activities will provide developers with the foundation and
initial tools required to begin to implement principled test
design processes.

An example of an item model that measures attribute A1
is presented in Figure 3. The model contains five sections.
Section 1 (Item Sample for Attribute A1) includes an ex-
emplary instance of an operational item. Section 2 (Stem)
presents the item stem as a model where the manipulated
variables (i.e., V1, V2, V3) are specified. Section 3 (Vari-
ables) outlines the content or value variations from the ma-
nipulated variables in the stem. The content for each vari-
able can be an incidental or radical item characteristic. An
incidental or surface characteristics of the item includes the
features that are not expected to affect the psychometric
characteristics of the item, such as the difficulty level or
dimensionality. The radical or deep characteristics of the
item includes the features that could change the psycho-
metric properties of the item. Because the goal is to gener-
ate a large item bank to measure each attribute in the hier-
archy, isomorphic instances for each attribute are required.
Therefore, each manipulated variable should act as an in-
cidental item characteristic. Section 4 (Constraints) pre-
sents the algorithmic method for producing the correct an-
swer and incorrect alternatives. Section 5 (Key) identifies
the correct answer. In the current example, 192 (3 V1 * 4
V2 * 16 V3) unique items could be generated using the
attribute A1 model.

As a final point, the number of items in the bank should
support the administrative demands prescribed by the
structure of the attribute hierarchy. Because CA-AT re-
quires many isomorphic items to measure each attribute,
the items in the bank must be organized according to the
structure of the hierarchy. Provisions must also be made for
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the starting rules in the adaptive test. For example, if A1 is
the starting attribute, then more isomorphic items measur-
ing A1 are required in the bank because this attribute will
be administered and, thus, exposed frequently. Similarly, if
A3 is a difficult cognitive skill, then fewer isomorphic
items measuring A3 are required in the bank because items
measuring this attribute will be administered and exposed
comparatively less than those for an easier cognitive skill
or a starting attribute such as A1.

Item Routing

With the item bank in-place, routing rules for adaptive ad-
ministration must be established next. As with item devel-
opment, routing in a CA-AT is governed by the structure
of the attribute hierarchy. For a conventional CAT, routing
is determined in real-time by considering the examinees’
response to the previous item, given the examinee’s provi-
sional ability estimate, the psychometric properties for the
remaining items in the bank, and other content constraints
(e.g., item exposure rules). For a CA-AT, routing is deter-
mined by the structure (i.e., paths and levels) in the attribute
hierarchy. The algebra hierarchy in Figure 1 helps illustrate
the CA-AT routing concept. If the starting point is A1, then
examinees are administered items measuring this attribute.
Examinees are administered items measuring the next at-

tribute or attributes, only when they answer the items mea-
suring A1 correctly. For example, when the examinee cor-
rectly answers items measuring attribute A1 (basic arith-
metic operation skills), items measuring both A2 (knowl-
edge about the properties of factors) and A4 (the
substitution of values into algebraic expressions) will be
administrated. If an examinee answer items measuring A2
incorrectly, then the administration on the left branch stops
and the examinee is not permitted to answer items measur-
ing A3 (applying the rules of factoring) because the exami-
nee does not possess the prerequisite skills A2. Similarly,
if the examinee correctly answers items measuring attribute
A4, then items measuring A5, A7, and A9 can be admin-
istered. This routing approach, where each branch and lay-
er of the hierarchy are systematically probed, provides a
specific guide for item administration.

Zhou, Gierl, and Cui (2007) recently conducted a feasi-
bility study to determine the number of items to administer
on a CA-AT under different testing conditions to achieve
satisfactory attribute reliability. The nine-attribute hierar-
chy presented in Figure 1 was used. Two variables were
manipulated in their simulation study: the number of items
measuring each attribute and the slip level. The number of
items measuring each attribute was two, three, or four in
each condition. Item responses of 5000 examinees to the
three testlets were simulated using the 3-PL multidimen-
sional item response theory model. Also, response slips

Figure 3. An item model for measuring Attrib-
ute A1.
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were generated and placed within the item response data to
simulate a real testing situation. A slip is the discrepancy
between the observed response pattern and the expected
response pattern (e.g., a 1 was expected, but a 0 was ob-
served or a 0 was expected, but a 1 was observed) based
on the structure of the hierarchy. Three percentages of slips,
5%, 10%, and 15%, were added to the expected response
patterns. For example, in the 5% condition, one slip in the
form of either 0 to 1 or 1 to 0 was added to each of the 250
randomly selected observed response patterns.

The results of the simulation study reveal that attribute
reliability is affected both by the number of items measur-
ing each attribute and by the slip percentage. Not surpris-
ingly, attributes measured by only two items yield a lower
reliability estimate than attributes measured by three or
four items. Also, when the same number of items were used
to measure each attribute, the reliability decreases as the
percentage level of slip increases. For the hierarchy in Fig-
ure 1, attribute reliability was acceptable (a value of 0.70
or higher was adopted to define an acceptable reliability
level) when three or more items were used to measure each
attribute as long as the slip percentage was no greater than
10%. From these results we conclude that at least three

items should be administered for each attribute and that the
model-data fit should be relatively strong (i.e., slip percent-
age should not exceed 10%) for the cognitive model of
interest.

Score Reporting

With an operational item bank and appropriate routing
strategy, examinees can be administered items in the CA-
AT system. Once examinees complete the test, their data
are scored and their reports are generated. Because CA-AT
is a mode of assessment guided by a cognitive model of
task performance, items directly measure specific cogni-
tive attributes of increasing complexity. As a result, both a
total test score and diagnostic subscores can be produced
for each examinee. The potential benefits of diagnostic
score reporting also increase, as we will illustrate, with
computer-based administration. One example is presented
in Figure 4. This sample report is limited to descriptions
for our three attribute example – the complete report to
accompany the cognitive model in Figure 1 would contain
nine attributes. This reporting scheme is also computer

Figure 4. The screenshot for a computer-based cognitive diagnostic score report.
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based. But, for the purposes of this paper, only a screen shot
is presented.

Our sample report contains two sections. Section 1, on
the left side of the page, titled “Score Report” contains the
examinees’ total score (i.e., My Score; My Performance
Range; My Percentile; My Raw Score)4 and their diagnos-
tic subscores (i.e., Skill Performance; Answer Summary &
Scoring). The total score is the composite score of all items
administered in the test. The examinee’s performance
range represents the confidence interval of the examinee’s
total score. The examinee’s percentile positions the stu-
dent’s performance relative to a variety of standards, such
as national or provincial outcomes. In addition to these tra-
ditional test score results, the report also provides informa-
tion about examinees’ mastery of each attribute. Exami-
nees can identify their strengths and weaknesses for each
attribute measured on the test. The location of each attrib-
ute bar is determined by the attribute probability (see de-
scription in Stage 2: Statistical Pattern Recognition) while
the length of each bar is determined by the attribute reli-
ability. For ease of interpretation, attribute probabilities are
only reported in three categories (1–0% to 33%; 2–34% to
66%; 3–67% to 100%)–other reporting conventions could
also be used. Examinees also receive a summary of their
item-by-attribute performance at the bottom of the page.

The unique information that helps link assessment with
instruction begins in the middle of the score report. Each
examinee is presented with an interactive attribute-by-item
summary. That is, the “Item,” “Correct Answer,” and “Your
Answer” columns in the middle of the report can be used
to activate different content in Section 2, “Skills Tutorial.”
To begin, the examinee uses the cursor on the computer
screen to select an item. For the current example, the ex-
aminee has selected Item 1 (i.e., the white pointer arrow is
on Item 1 in Figure 4). Once the item is selected, Section
2 of the score report becomes active. In this section, the
item used to measure the attribute is presented to the ex-
aminee, along with an instructional video where a “model
student” describes how the item is solved and a link to the
curriculum standard for the item. The instructional videos
and curriculum standards allow the examinee as well as
teachers, parents, tutors, or other stakeholders to immedi-
ately see how the item can be solved and which objective
in the curriculum is being evaluated.

The diagnostic feedback provided in this report is in-
tended to promote learning and instruction in two ways.
First, the report supports strong inferences about exami-
nees’ cognitive skills because the attribute grain size for
reporting is small, thus illuminating the knowledge and
skills required to perform competently on each task. The
hierarchy also facilitates these diagnostic inferences be-
cause the attributes and their organization are based on a
cognitive model of task performance and items are explic-
itly designed to measure the attributes. Second, scores are

directly linked to items, instructional videos, and curricular
standards. The link is established in real time due to the
computer-based administration thereby allowing the re-
porting resources to be dynamic, modifiable, and easily up-
dated. These resources also provide a way to link cognition,
learning, and assessment for students, teachers, and parents
because the test items are closely aligned to cognitive
skills, instructional resources, and curricular outcomes in a
single, succinct, dynamic, on-line report. Once testing is
complete, the examinee could also access the report at any
time, at any location, and on multiple occasions.

Summary

The purpose of the study was to introduce a new type of
adaptive model for psychological testing. Computer adap-
tive-attribute testing (CA-AT) combines the administrative
benefits of computer adaptive testing with the psychologi-
cal benefits of cognitive diagnostic assessment to produce
a new psychologically-based adaptive testing procedure.
The attribute testing component in CA-AT reside with the
attribute hierarchy method, which is a psychometric proce-
dure for classifying examinees’ test item responses into a
set of attribute patterns associated with a cognitive model
of task performance. An attribute is a description of the
procedural or declarative knowledge needed to perform a
task in a specific domain, and these attributes form a hier-
archy that define the psychological ordering of problem-
solving skills. The model is foundational in our approach
to cognitive diagnostic assessment because it provides an
interpretative framework that can guide the development
of items and the analyses of examinees’ item responses so
test performance can be linked to specific cognitive infer-
ences about examinees’ knowledge and skills. The comput-
er adaptive component supports the cognitive diagnostic
model by allowing for new and expanding on existing test
administration options, including attribute-adaptive item
selection, continuous testing, immediate scoring, and dy-
namic computer-based reporting.

Directions for Future Research

Adaptive psychological testing, as a new interdisciplinary
area of research in educational and psychological assess-
ment, may come to rely on other emerging concepts and
ideas, most notably assessment engineering. Assessment
engineering (Luecht, 2006a, 2006b; Luecht, Gierl, Tan, &
Huff, 2006) is a research area where principled test design
concepts are used to direct the development of tests as well
as the analysis, scoring, and reporting of test results. With
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this approach, the assessment specialist begins by defining
the construct of interest using specific, empirically-derived
cognitive models of task performance. Next, assessment
task templates are created from cognitive models to pro-
duce replicable assessment tasks. Finally, confirmatory
psychometric models are applied to the examinee response
data collected using the templates to produce scores that
are both replicable and interpretable. Assessment engineer-
ing relies on a cognitive model, of some type, to develop
items and analyze examinee item response data, generate
scores, and guide score interpretations. In fact, when the
goal is to produce specific diagnostic inferences about ex-
aminees, some form of assessment engineering is required
because the assessment must be designed to identify and
evaluate the examinees’ cognitive skills. Often, this type of
specificity cannot be obtained using a posthoc or retrofit-
ting approach to test design (e.g., coding existing items for
cognitive attributes) because items with these specific cog-
nitive characteristics are unlikely to exist on a test devel-
oped without a cognitive model. Moreover, when a cogni-
tive analysis of an existing test using retrofitting procedures
is conducted, the fit between the cognitive model and the
test data will invariably be tenuous leading to weak and,
possibly, inaccurate diagnostic inferences.

Thus, to overcome the limitations with retrofitting, a
more principled approach to test design and analysis is re-
quired. CA-AT requires that items be developed systemat-
ically to measure each component in the cognitive model
using the Qr matrix. Then, attribute-based item models are
used to create multiple isomorphic instances to populate
the bank. This approach to test development and item bank-
ing is essential for ensuring that cognitive principles are
closely aligned with test design practices, thereby provid-
ing a direct connection between cognitive theory and edu-
cational measurement. Unfortunately, assessment engi-
neering is currently not a common method for designing
educational or psychological assessments and it has never
been used, to our knowledge, in an operational testing sit-
uation, adaptive or otherwise.

CA-AT also relies on cognitive models to promote in-
ferences about examinees’ problem-solving skills. These
models provide the framework necessary to guide item de-
velopment and direct the psychometric analyses. Hence,
cognitive models must be developed for each CA-AT con-
tent area and grade level. These models must also be vali-
dated to ensure they support specific diagnostic inferences,
given the strong AHM assumption that the underlying cog-
nitive model accurately describes examinees’ observed
item response patterns. Currently, we lack a collection of
cognitive models, specifically, and psychological theories,
more generally, on aptitudes and achievements that can
serve educational and psychological assessment in a broad
and useful manner. While some models and theories exist
to guide diagnostic inferences (see examples presented in
Mislevy, 2006; Yang & Embretson, 2007), research is re-
quired on a range of educational and psychological con-
structs in different domains and at different grade levels

before models to support CA-AT applications become
more widely available.
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